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The three numbers I. 5, 10 have the property that the product of any two 
numbers decreased by 1 is a perfect square. In this paper it is proved that there is 
no other positive integer N which shares this property with 1, 5. and 10. 
DEFINITION. Let k be a given positive integer. Two integers (r and jj’ are 
said to have the property P, (resp. P-k) if a/I + k (resp. c@ - k) is a perfect 
square. 
The three numbers 1, 5, 10 share the property P_, . We determine which 
other numbers can be in the set 1, 5, 10 ,..., which will share the property Pm, 
with 1, 5. 10. 
Let a be any other number in the set 1, 5, IO,.... Then 
a - 1 =x2, 
5a - 1 =y2, 
lOa- 1 =z=, 
(1) 
(2) 
(3) 
where x, y, z are some integers. Elimination of a between (1) and (2) and 
between (2) and (3) yields 
x2 - 51’2 = -20, (4) 
z= - 2JJ2 = 1. (5) 
respectively, where X = 5x, Y = JJ, Z = z. So we have to obtain the solutions 
of the Pell’s equation (5) with the restriction given by (4). 
The fundamental solution of (5) is Z = 3, Y= 2. Hence, the general 
solution of (5) is given by 
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SIMULTANEOUS EQUATIONS 
where n is an integer (see, e.g., 141). We easily obtain the relations 
.c,, = z,, Y-,=-Y,, 
Z n+r=Z,z,+2y”y,, 
Y n+r=Z,Y,+ZrY,~ 
Z,,=Z;+2Y;=2Zf,- 1==4Y;+ 1, 
y2,, = 2z,, yrl* 
Z,, = Z,( 162; - 2OZf, + 5), 
Y5,= Y,(16Z:,- 12Z;+ 1). 
Y ,,+2r- -Y,, (mod Z,), 
Y n+2Cr+l, = Y,, (mod 22,. + 3Y,.). 
Y n+z,r+,,--Y,(mod3Z,.+4Y,.). 
We also need the following table of values: 
n zr, Y,, 
0 I 0 
1 3 2 
2 17 12 
3 99 70 
4 577 408 
5 3363 2378 
6 19601 13860 
7 114243 80782 
8 665857 470832 
9 3880899 27442 10 
10 22619537 15994428 
We perform the calculations in five stages. 
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(6) 
(7) 
(8) 
(9) 
(10) 
(11) 
(12) 
(13) 
(14) 
(15) 
(a) From (14), Y,+,= Y, (mod 22, + 3Y,) = Y,, (mod 408) = Y, 
(mod 17). Equation (4) implies X2 = 5Yi - 3 (mod 17). If n = 0 (mod S), 
then Y, = Y, (mod 17) = 0 (mod 17). This gives X2 = -3 (mod 17). But 
(s) = (G)(h) = (A) = (y) = (f) = - 1, where (a/b) denotes the 
Legendre symbol. So n f 0 (mod 8). Next, if n = 2 (mod 8), then Y, = Y? 
(mod 17) = 12 (mod 17). So X2 = 3 (mod 17), which is impossible. Hence, 
II f 2 (mod 8). If n = 4 (mod 8), then Y, = Y,, (mod 17) = 0 (mod 17), which 
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leads to a contradiction again. Thus, n f 4 (mod 8). If n = 6 (mod 8). then 
n = -2 (mod 8). So Y,, = Y-, (mod 17). Using (6), we get Y,, z -Yz 
(mod 17) 3 - 12 (mod 17), again yielding a contradiction. So n f 6 (mod 8). 
Hence, we restrict ourselves to odd values of n in the sequel. 
(b) Using (8), Y,,+5 = 23782, + 3363Y, = Y,, (mod 41). Equation (4) 
implies X2 = 5Yi - 20 (mod 41). If n zz 2 (mod 5), then Y,, = Y, 
(mod41)z 12 (mod41). Hence, X2 = 3 (mod41). But ($)=(F)= 
(~)=-1.Sonf2(mod5).Ifnr3(mod5),thenY,,-Y,(mod41)r-12 
(mod 41), again giving a contradiction. Therefore, n f 3 (mod 5). 
(c) Using (15), Y,+*,, = -Y, (mod 32, + 4Y,) = -Y,, 
(mod 22619537) = -Y, (mod 241). This gives Y,,, J,, = Y,, (mod 241). 
Equations (4) implies X’ = 5~1: - 20 (mod 241). If II = * 5 (mod 40). then 
Y,, z T 32 (mod 241). Hence, X’ = 39 (mod 241). But (&$) = (h)(G) = 
(f)(G) = (4) = - 1. So n f &5 (mod 40). Next, if n = +9 (mod 40), then 
Y,, = f 57 (mod 241). This gives X’ = 78 (mod 24 1). However, ( <A) = 
(&)(A)(s) = - 1. This forces n f rt9 (mod 40). If II z i 11 (mod 40). 
then Y, = f 57 (mod 241), leading to a contradiction again. So II f i 1 1 
(mod 40). If n 3 & 15 (mod 40). then Y,, = i 32 (mod 241), again a 
contradiction. Hence, n f i 15 (mod 40). Therefore. it remains to consider 
11s 1. 19. 2 1, 39 (mod 40). that is, tz = f 1 (mod 20). 
(d) X2 = 5 Y* - 20 is impossible if n = 1 (mod 20), n # 1. For, we can 
write n = 1 + 5 . 2’(2h + I), where h is a nonnegative integer and t > 2. 
Letting j = 2’, f > 2, we have n = 5j + 1 + 2 . 5j . h. Using (13) h times, we 
get 
Y, E (-l)h Y,,i+ 1(mod Z,j) 
E (-1 )h Z, Yjj (mod Zsj) 
= (-l)h 3Yj(16Z; - 1225 
Hence, X’ = 45 Yf - 20 (mod Zj). 
t 1) (mod Zj( 1624 - 20Zj + 5)). 
Because of (5), we have 1 = -2Yf 
(mod Zi). So X2 = 45 Y; + 4OY,’ (mod Zj) = 85 Yj’ (mod Zi). Now 
Using induction, we have Zj = 1 (mod 4) for all t > 1; 2 (mod 5) for all 
t>l;-1 (mod17)fort=2;and 1 (mod17)forallt>3.Hence,fort=2, 
we have 
SIMULTANEOUS EQUATIONS 
and for t > 3, we have 
359 
Hence, X2 = 5Y2 - 20 is impossible if n = I (mod 20). II # 1. 
(e) X2 = 5Yz - 20 is impossible when n = 19 (mod 20), II # 19. A 
proof similar to that for (d) applies here and we make use of (6). 
Combining (at(e) we see that X2 = 5Y2 - 20 cannot hold for n # 1, 19. 
For n = 1, we have Y = 2, a = 1. For n = 19, we have Y = 542 (mod 1000). 
Hence, X2 = 5Y2 - 20 = 800 (mod lOOO), which is impossible. 
As we have exhausted all the possibilities, we have: 
THEOREM. There is no other positive integer N which shares the propert?’ 
P-, with 1, 5, and 10. 
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